Let G be an abelian group. We prove that a group G admits a Hausdorff group topology τ such that the von Neumann radical n(G, τ ) of (G, τ ) is non-trivial and finite iff G has a non-trivial finite subgroup. If G is a topological group, then n(n(G)) = n(G) if and only if n(G) is not dually embedded. In particular, n(n(Z, τ )) = n(Z, τ ) for any Hausdorff group topology τ on Z.
G has a non-trivial finite subgroup.
Evidently that n(n(G)) = n(G) if n(G) is non-trivial and finite. This observation leaded G. Lukács [7] to the problem of description of abelian groups G which admit a T -sequence u such that n(n(G, u)) is strictly contained in n(G, u). We can generalize this question in the following way.
Problem. Which abelian groups G admit a Hausdorff group topology τ such that n(n(G, τ )) = n(G, τ )?
By theorem 1, if G is a not torsion free group, the answer is positive. But for torsion free groups an answer is negative in general. We give an answer to this problem in the next theorem.
Theorem 2. Let G be a topological group. Then n(n(G)) = n(G) if and only if n(G) is not dually embedded. In particular, n(n(Z, τ )) = n(Z, τ ) for any Hausdorff group topology τ on Z.
The proofs
The following lemma plays an important role for the proofs of theorems 1 and 2. Lemma 1.
[5] Let H be a dually closed and dually embedded subgroup of a topological group G. Then n(H) = n(G).
Proof of theorem 1. It is clear that 1 ⇒ 2. Let us prove that 2 ⇒ 1. Denote by H any countable subgroup which contains an element of finite order. If H admits an almost maximally almost-periodic group topology, then we can consider the topology on G in which H is open. Since any open subgroup is dually closed and dually embedded (lemma 3.3 [9] ), by lemma 1, G admits an almost maximally almost-periodic group topology too. Thus we can and will pass to countable subgroups. In particular, we will suppose that G is countable. There exist three possibilities. 1) G contains an element g of infinite order and an element e of order p for some prime p. Thus G contains the subgroup e, g which is isomorphic to Z(p) ⊕ Z. By lemma 1, we can assume that G = Z(p) ⊕ Z. Then G ∧ = Z(p) ⊕ T. Now we define the following sequence
Let us prove that d = {d n } is a T -sequence. For our convenience, we put f n = p
Let g = ae + b = 0, 0 ≤ a < p, b ∈ Z, and k ≥ 0. Set t = |b| + p(k + 1) and m = 10t. We shall prove that g ∈ A(k, m). a) Let σ ∈ A(k, m) have the following form
where m < 2r 1 − 1 < 2r 2 − 1 < · · · < 2r s − 1 and integers l 1 , l 2 , . . . , l s be such that l s = 0 and
where 0 < s < h and
Since
The set of all w such that r s+w < r We can estimate the expression in row 2, which we denote by A 2 , as follows
since 3(k + 1) < r s < p rs − 1. For the expression in row 4, which we denote by A 4 , we have
where σ ′′ ∈ Z. By (1)- (3), we have: if σ ′′ = 0, then (1) and (2),
2) G is a torsion group and it contains a subgroup of the form Z(p ∞ ). Then, by lemma 1, we can assume that G = Z(p ∞ ). Let u ∈ Z(p ∞ ) and β its order. G.Lukács [7] defined the following sequence
He proved that if p > 2 then d = {d n } is a T -sequence. Now we give a simple proof that d is a T -sequence for every p.
be an irreducible fraction and k ≥ 0. Then, for some q ≥ z, 1 p q generates the subgroup containing u and g. Set t = p(k + 1) + q and m = 10t. We shall prove that g ∈ A(k, m). a) Let σ ∈ A(k, m) have the following form
where m ≤ 2r 1 < 2r 2 < · · · < 2r s . Then
where t 1 , . . . , t α are the primes that divide q (remark 3.8 [2] ). Hence, for enough large n we have (d 2n−1 , x) = (γ, x). Thus: if γ = q, then s d (T) = Z(q) and n(Z, d) = qZ; if γ = 1, then n(Z, d) = Z.) Proof of theorem 2. Let n(G) be dually embedded. Since n(G) is dually closed, then n(n(G)) = n(G) by lemma 1. Conversely, if n(n(G)) = n(G), then there exists a nonzero character χ ∈ n(G)
∧ . If χ is extended to χ ∈ G ∧ , then, by the definition of n(G), we must have ( χ, n(G)) = (χ, n(G)) = 1 and χ is trivial. It is a contradiction.
Let G = Z. Then any its nontrivial subgroup H has the form pZ for some positive integer p. If H = n(Z, τ ), then H is closed. Since G/H is finite and discrete, H is open and, hence, dually embedded [9] . The assertion follows.
